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Investigations on Inheritance of Quantitative 
in Animals by Gene Markers 
I. Methods 

Characters 

H. Geldermann  

Tier~irztliches Insti tut  der  Universit~it GSttingen (BRD) 

Summary. The method described uses monogenic inherited characters as markers by which the transmission of 
homologous chromosome sections from parents to progeny can be controlled~ The procedure then attributes effects 
on continuously varying characters to marked chromosome sections. It allows the mapping of effects having a 
share in quantitative characters in natural or breeding populations. 

Many characters of organisms show a continuous vari- 

ation in the progeny of specific parents. The analysis 

of these characters, called "metric" or "quantitative", 

led to the use of biometric methods which assume that 

the variation is caused by the effects of several gene 

loci, by environmental influences as well as by geno- 

type-environment interactions. Accordingly, the con- 

tinuous variation includes individual discontinuities 

caused by Mendelian genes. In some cases this discon- 

tinuous part of the variable can be revealed when se- 

gregation of chromosome sections can be observed. 

The transmission of chromosomes from parents to 

progeny can be assessed by means of gene markers 

(Thoday 1961). The offspring of a diploid parent - con- 

sidering a heterozygous marker locus - may be subdi- 

vided into two classes, one class of progeny receiving 

one allele while the other class receives the other. If 

genes for a metric trait are linked to the marker locus 

and the parent has alleles with differential effects, it 

is highly probable that the two classes also differ in 

this trait. When there is no crossing-over between the 

marker locus and the gene(s)for the metric character, 

each of the two classes will be homogeneous for that 

specific character. On the other hand, if within a class 

of progeny crossing-over occurs between loci for a 

metric trait and the gene marker, a heterogeneous dis- 

tribution of the values for the corresponding character 

is expected within the two classes of progeny. 

Assessment of the gene effects of a metric trait 

linked to individual marker loci therefore allows an 

evaluation of the number of marked chromosome sec- 

tions showing different effects in the parents considered. 

Beyond this, statements can be made on the kind of 

such effects, on the position of the genes for quantita- 

rive characters in the chromosomes, as well as on the 

frequencies of the alleles concerned. Finally, from the 

allele combinations of marker genes in an individual, 

conclusions can be drawn on the combination of gene ef- 

fects based on a metric character. As soon aspolygenic 

characters can be reduced tO the effects of chromosome 

sections, a valuable instrument is available to solve 

some problems of quantitative genetics. In this way, a 

better understanding of the structure of polygenic sys- 

tems, as well as their ability to be modified in natural 

or breeding populations, is offered. 

The main limitations to judgements on the individual 

effects of polygenic characters lie in the availability of 

numerous gene markers and in the description of their 

phenotypes. Many of the macromolecules in vertebrates 

appear in qualitatively different forms which are inhe- 

rited monogenically (review s. Lewontin 1973). How- 

ever, the number of markers which can be demonstrated 

at present is seriously restricted by the methodical ef- 

forts necessary to identify the corresponding pheno- 

types in large numbers of individuals. The chemical or 

serological methods generally used to find these pheno- 

types require considerable expenditure. A further li- 

mitation is the extent of the effect on a metric char- 

acter, linked to a marker locus, in connection with 

the size of the random samples which can be included. 

To what extent the limitations mentioned become ef- 

fective or can be modified still remains to be investi- 

gated. 

Selection of the model 

Previous models for the analysis of quantitative char- 

acters (e.g. Elston and Stewart 1973, Forkmann 1974, 

Gilmour and Morton 1971a and b, Jana 1972, Jana and 
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S e y f f e r t  1 9 7 1 ,  M o r t o n  1 9 7 3 ,  S e y f f e r t  1 9 6 6 ,  S t e w a r t  

1 9 6 9 ,  S t e w a r t  a n d  E l s t o n  i 9 7 3 )  t a k e  in to  a c c o u n t  s i t u a -  

t i o n s  i n v o l v i n g  a c o n s i d e r a b l e  n u m b e r  o f  p r o g e n y ,  a l i -  

m i t e d  n u m b e r  o f  m a r k e r  l o c i  o r  e x a m i n e  t h e  q u a n t i t a -  

t i v e  e f f e c t  o f  i d e n t i f i e d  g e n e  l o c i .  T he  m o d e l  d e s c r i b e d  

h e r e  s h o u l d  b e  u s e d  f o r  a n i m a l s  w i t h  o n l y  s m a l l  g r o u p s  

o f  o f f s p r i n g  p e r  p a r e n t ,  a n d  s h o u l d  a l l o w  t h e  i n c l u s i o n  

o f  s e v e r a l  m a r k e r  l o c i  a t  t h e  s a m e  t i m e .  U n d e r  t h e s e  

c o n d i t i o n s ,  t h e  m o d e l  s e l e c t e d  s h o u l d  b e  a s  s i m p l e  a s  

p o s s i b l e  a n d ,  t h e r e f o r e ,  l i m i t e d  to  t h e  m a i n  e f f e c t s .  

T h e  p r o c e d u r e  i s  b a s e d  o n  t h e  f o l l o w i n g  c o n s i d e r a t i o n s :  

a )  Q u a n t i t a t i v e  c h a r a c t e r s  a r e  c a l c u l a t e d  a s s u m i n g  

a defined environment. 

After measuring the metric characters for many in- 

dividuals under different influences of environment, 

corrections are made based on the assumption of a de- 

fined environment. 

b) The animal data come from families in which se- 

veral offspring need to be covered for one parent only. 

For example there are fathers with several off- 

springs, whereas there is only one offspring per mother. 

c) The degree of linkage among the marker genes 

themselves should not affect the results. 

In case of linkage of two marker genes, the method 

should be able to distribute ascertained relations of a 

quantitative character to both loci. 

d) A marker allele represents a specific homologous 

chromosome section during its transfer from parents 

to progeny ~ 

There is a probability of representation of a chro- 

mosome section by a marker locus, which depends on 

the distance between marker gene and the gene(s) for a 

metric character. 

e) The model should be applicable to minimal num- 

bers of animals. 

The smaller the random sample the greater the ef- 

fect on a quantitative character must be, to verify it as 

Marker  Quantitative- 
locus trait-locus 

A t +1 
�9 ~  1 I , "  

A 2 0 
�9 " O I . , .  

Crossing over ",--10% --~ 

F i g .  1.  H y p o t h e t i c a l  e x a m p l e  f o r  c o u p l i n g  o f  a m a r k e r  
l o c u s  a n d  a c h a r a c t e r  a f f e c t i n g  l o c u s .  O n e  c h r o m o s o m e  
c o n t a i n s  a l l e l e  A l a t  t h e  m a r k e r  l o c u s  a n d  a n  e f f e c t  
+ 1 a t  t h e  l o c u s  a f f e c t i n g  t h e  c h a r a c t e r ,  t h e  h o m o l o g o u s  
c h r o m o s o m e  c o n t a i n s  t h e  a l l e l e  A = c o u p l e d  w i t h  a n  e f -  
f e c t  0 

linked to a marker gene. However, considerable effort 

is involved in finding adequate animals, as well as in 

determining several marker genes in these animals. As 

one aim of the analyses is their continuous use in prac- 

tical animal breeding, it can be expected that large 

numbers of animals will be obtained later, if the analy- 

ses have proved to be advantageous. Larger numbers of 

animals guarantee a greater efficiency for the method 

of evaluation. 

G e n e t i c  e f f e c t s  a s s e s s a b l e  b y  m a r k e d  c h r o m o s o m e  s e c t i o n  

It i s  a s s u m e d  t h a t  a m a r k e r  a l l e l e  r e p r e s e n t s  a s e c t i o n  

o f  a c h r o m o s o m e  w h e n  i t s  t r a n s m i s s i o n  f r o m  p a r e n t  to  

p r o g e n y  i s  n o t e d .  T h e n  a n  a l l e l e  s u b s t i t u t i o n  o f  t h e  m a r k -  

e r  g e n e  a l s o  d e n o t e s  a s u b s t i t u t i o n  o f  t h e  c h r o m o s o m e  

s e c t i o n  c o n c e r n e d .  The  a i m  of  t h i s  s t u d y  i s  to  e s t i m a t e  

q u a n t i t a t i v e l y  t h e  e f f e c t s  o f  s u b s t i t u t i o n  o f  a c h r o m o -  

s o m e  s e c t i o n  on  t h e  m e t r i c  p h e n o t y p e s  w i t h i n  a p r o -  

g e n y .  

C r o s s i n g  o v e r  e f f e c t s  

It c a n  b e  e x p e c t e d  t h a t  f e w  o f  t h e  m a r k e r  g e n e s  t h e m -  

s e l v e s  i n f l u e n c e  t h e  m e t r i c  t r a i t  c o n s i d e r e d .  H o w e v e r  

a m a r k e r  g e n e  c a n  b e  l i n k e d  to  o n e  o r  s e v e r a l  l o c i ,  t h e  

a l l e l e s  o f  w h i c h  i n f l u e n c e  t h e  d e v e l o p m e n t  o f  a d i s t i n c t  

q u a n t i t a t i v e  t r a i t .  If o n l y  o n e  s e g r e g a t i n g  l o c u s  f o r  a 

q u a n t i t a t i v e  t r a i t  ( q u a n t i t a t i v e - t r a i t - l o c u s ,  QTL) i s  

l i n k e d  to  a m a r k e r  l o c u s ,  t h e  r e l a t i o n s  s h o w n  in  F i g .  1 

c a n  b e  o b s e r v e d  f o r  a r e g i o n  o f  t h e  two  h o m o l o g o u s  

c h r o m o s o m e s .  In  t h a t  e x a m p l e ,  t h e  a l l e l e  A 1 o f  t h e  

m a r k e r  g e n e  i s  c o u p l e d  to a n  a l l e l e  o f  a QTL w h i c h  i m -  

p r o v e s  t h e  t r a i t  v a l u e  t o w a r d s  + 1,  o p p o s i t e  to  t h e  h o -  

m o l o g o u s  c h r o m o s o m e  s e c t i o n  w i t h  t h e  a l l e l e  A 2 .  A s -  

s u m i n g  a c r o s s o v e r  p o r t i o n  o f  10~0, 90~, o f  t h e  p r o -  

g e n y  w i t h  t h e  a l l e l e  A 1 r e c e i v e  t h e  t r a i t  v a l u e  + 1, 

w h e r e a s  10~, h a v e  a t r a i t  v a l u e  o f  0 .  T h e r e f o r e ,  a s -  

s u m i n g  a d d i t i v e  i n h e r i t a n c e ,  a c h r o m o s o m e  s e c t i o n  o b -  

t a i n s  on  a v e r a g e  a t r a i t  v a l u e  o f  0 . 9  in  a l l  p r o g e n y  w i t h  

a l l e l e  A l ,  w h e r e a s  t h e  p r o g e n y  c o n t a i n i n g  a l l e l e  A 2 

s h o w s  a t r a i t  a v e r a g e  o f  0 . 1 .  T h e  d i f f e r e n c e  in  a v e r a g e  

t r a i t  v a l u e s  b e t w e e n  t h e  p r o g e n y  c l a s s e s  w i t h  m a r k e r  

a l l e l e s  A 1 a n d  A 2, r e s p e c t i v e l y ,  r e d u c e s  w i t h  i n c r e a -  

s i n g  c r o s s o v e r  f r e q u e n c y  b e t w e e n  m a r k e r  l o c u s  a n d  

QTL.  S i m u l t a n e o u s l y  t h e  v a r i a n c e  w i t h i n  a p r o g e n y  c l a s s  

i n c r e a s e s  ( F i g . 2 ) .  

If  m u l t i p l e  a l l e l e s  a p p e a r  a t  a QTL,  o r  i f  s e v e r a l  

Q T L ' s  a r e  l i n k e d  to  a m a r k e r  l o c u s ,  p o s i t i v e l y  e f f e c t i v e  

a l l e l e s  a t  QTL m a y  b e  p l a c e d  o n  b o t h  h o m o l o g o u s  c h r o -  
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0,9 At.progeny 

0,30"~0"5 ~ ~ .  ~~g~~ Vo once 

Q2: 
Off" en y 
0 0,1 0,2 0,3 0,~ q5 Crossing over frequency 

Fig. 2. Average trait values and variances of progeny 
classes with marker alleles A ~ and A ~ as a function 
of crossing-over between marker locus and quantita- 
tive-trait-locus. Conditions from Fig. 1 are used with 
alternating crossover portions. Effects from other 
loci on the metric trait are neglected 

mosome sections of a parent. Then, measuring the ef- 

ficiency of individual homologous chromosome sections 

within the progeny, parts of the effects are neutralized. 

There remains, as a measurable quantity, the differ- 

ence of effects between the homologous chromosome 

sections of a parent ("netto effect" ). 

Intra-action of a chromosome section 

The marker gene proceeding described here measures 

differing effects of homologous chromosome sections 

of a parent on the development of a quantitative trait 

within its progeny. It does not identify the loci of quan- 

titative traits, if these are not the marker genes them- 

selves, but attributes all effects on metric traits to the 

marker loci. Therefore, in the following, the effects of 

a chromosome section measureable at a marker locus 

are characterized with the symbol of the marker gene. 

Characterizing the effect of a pair of parental homo- 

logous chromosome sections, marked with A 1 and A 2, 

on a quantitative value of a descendant, additive com- 

ponents (a I and a 2) can be differentiated from non- 

additive ones (d12) as shown in Fig.3. If the sections 

i and j exist, intraactions produce the following pheno- 

type e f f e c t s  : 

Genotype Phenotype value 
Additive effect (a) Non-additive effect (d) 

AiA j a i + aj i ~ J:dij 

y- 
"I 

/ / / /  i2 

/ / ,  
/ ,  

/ 
/ 

/ 
/ 

/ 
. . . . . .  ./. . . . . . . . . . . . . . . . . . . .  r, 2. . . . . . . . . . . . . . . . . . . . . . .  

i ! a2 
o I o 1 

. . . . . . .  o~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

homologous chromosome section 

Fig. 3. Additive and non-additive effects of a pair of 
homologous chromosome sections 

If one parent, e.g. the father, is heterozygous for 

the section under consideration, the phenotypes of the 

offspring can be influenced by the different effects of 

the two chromosome sections (Table I). This influence 

depends on the mothers' genotype. With known maternal 

genotypes and several descendants per mating type, the 

average phenotype of A I- and A 2- progeny within every 

mating type can be obtained, i.e. within every row of 

Table I. Comparing the degree of development of the 

metric character for the mating types, the variables 

a i and dij can be determined. Where the female geno- 

types are unknown or there is only one offspring per 

mother, assumptions from population genetics mu~t be 

made. As female genotypes for a chromosome section, 

AiAJ; i = 1,2 ..... K; j>~i~K 

are supposed, with the additive effects a i, the non-ad- 

ditive genotype effects d. fiJr i ~ j, the section fre- IJ 
quencies Pi and genotype frequencies in Hardy~Wein - 

berg equilibrium. K denotes the number of different 

chromosome sections in the mothers. 

Descendants with the chromosome section A I from 

the father show, according to Table I, if K = 3 and 

mothers are selected as a random sample, the follow- 

ing average phenotypes: 

D 1 = 2Pla I + P2al + P2a2 + P3al + P3a3 + P2d12 + P3d13 

(a) 
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T h e  o f f s p r i n g  w i t h  t h e  s e c t i o n  A 2 t h e n  h a s  T a b l e  1.  E f f e c t s  o f  t h e  m a l e  

M o t h e r s  
D 2 = Plal + Pla2 + 2P2a 2 + P3a2 + P3a3 + Pldl2 + P3d23 

(2) 

The difference between the average of both groups 

of offspring is : 

F r e -  
Geno- quen- Phenotype 
types cies values 

( 1 )  

D = D 1 - D 2 = a 1 - a 2 + d l 2 ( p  2 - p l )  + P 3 ( d 1 3  - d 2 3 )  

( 3 )  

If K chromosome sections are assumed for mothers 

that difference becomes: 

A I A  1 p~ y + 2 a  1 

A I A  2 
2 P l P  2 Y+al+a2+d12 

K 

D = a I - a 2 + d 1 2 ( P 2  - p l  ) + ~ P i ( d l i  - d 2 i )  ( 4 )  
i>2 A 1 A  3 

2 P l P  3 Y+al+a3+d13 

An equivalent expression emerges if the differences 

of phenotypes between the offspring and their mothers 

are registered for each mating type. In Table 1 the 

average differences of phenotypes for all offspring with 

A 1 and A 2, respectively, are calculated, taking 3 dif- 

ferent sections as example. The values for the two 

groups of offspring can be compared and the result is. 

D =D 1 -D 2 : a I -a2  + d l2 (P~-p~+  p2P3-plP3) 

2 _ d23 ) + PlP3(dI3 - d23) + P2P3(d13 - d23) + P3(d13 

A2A 2 p2 

A 2 A  3 

y + 2 a  2 

2P2P 3 Y+a2+a3+d23 

A3A 3 p~ y+2a 3 

= a I - a 2 + d l 2 ( P  2 - p l  ) + P 3 ( d 1 3  - d 2 3 )  

T h i s  d i f f e r e n c e  c o r r e s p o n d s  to  t h a t  o f  f o r m u l a  ( 3 ) ,  a n d  

t h e  g e n e r a l  f o r m u l a  ( 4 )  i s  a l s o  v a l i d  in  t h i s  c a s e .  

I n t e r a c t i o n s  b e t w e e n  c h r o m o s o m e  s e c t i o n s  

I n t e r a c t i o n s  b e t w e e n  c h r o m o s o m e  s e c t i o n s  m a r k e d  b y  

m o n o g e n i c  t r a i t s  c a n  b e  s i m i l a r l y  c a l c u l a t e d  a s  f o r  g e n e  

i n t e r a c t i o n s  ( D e a k i n  1 9 7 3 ,  J a n a  1 9 7 1 ) .  T h e  e f f e c t s  on  a 

q u a n t i t a t i v e  c h a r a c t e r  c a u s e d  b y  t h e  i n t e r a c t i o n s  o f  two  

c h r o m o s o m e  s e c t i o n s  c a n  b e  d e r i v e d  f r o m  t h e  g a m e t i c  

t y p e s  o f  t h e  p a r e n t s .  If t wo  t y p e s  a p p e a r  f o r  e a c h  o f  t h e  

two  c h r o m o s o m e  s e c t i o n s ,  f o u r  d i f f e r e n t  g a m e t e s  c a n  

b e  f o r m e d .  T a b l e  2 r e p r o d u c e s  t h e  p o s s i b l e  i n t e r a c t i o n  

c o e f f i c i e n t s ,  w i j ,  c o m b i n i n g  f o u r  g a m e t e s  in  t h e  p a -  

r e n t s .  It c a n  b e  a s s u m e d  t h a t  

w . .  - and  13 = wj i  

w 1 4  = w 2 3 ,  

(9 

(9 
(9 
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homologous chromosome section A1 or A 2 on additive and dominant phenotype values among the progeny 

Offspring with A 1 Offspring with A 2 

F re- Phenotype F re- Phenotype 
Geno- quen- Phenotype difference Geno- quen- Phenotype difference 
types cies values progeny - types cies values progeny - 

mother mother 
(2) (3) (4) (5) 

A1A 1 p~ y+2a 1 0 

AIA1 plP2 y+2a 1 al-a2-d12 

A1A 2 plP2 Y+al+a2+dl2 0 

"AIA 1 plP3 y+2a 1 al-a3-d13 

A1A 3 plP3 Y+al+a3+d13 0 

A1A 2 p2 Y+al+a2+dl2 

A1A 2 p2P3 Y+al+a2+dl2 

AIA 3 P2P3 Y+al+a3+d13 

AIA 3 p~ Y+al+a3+dl3 

al-a2+d12 

al-a3+d12 
-d23 

a1-a2+d13 
-d23 

al-a3+dl3 

A1A 2 p2 Y+a1+a2+d12 a2_al_dl 2 

A1A 2 plP2 Y+a1+a2+d12 0 

A2A 2 plp2 Y+2a 2 a2-al-d12 

AIA 2 plP3 Y+a1+a2+d12 a2-a3+d12 
-d13 

A2A 3 plP3 Y+a2+a3+d23 a2-a1+d23 
-d13 

A2A 2 p2 y+2a2 0 

A2A 2 p2P3 y+2a 2 a2.a3-d23 

A2A 3 p2P3 Y+a2+a3+d23 0 

A2A 3 p2 Y+a2+a3+d23 a2_a3+d23 

Difference 

( 3 ) - ( 5 )  
o r  

( 4 ) - ( 2 )  
(6) 

a1-a2+d12 

a1-a2-d12 

a1-a2+d12 

a1-a2-d12 

a1-a2+d13 
-d23 

a1-a2+d12 

a1-a2+d12 

al-a2+dl 3 
-d23 

a1-a2+d13 

-d23 
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Table  2.  C o e f f i c i e n t s  of i n t e r a c t i o n  b e t w e e n  c h r o m o s o m e  s e c t i o n s  p~, p~ m e a n s  
f r e q u e n c i e s  of t y p e s  A ~ and A e of c h r o m o s o m e  s e c t i o n  A and q~, q2 m e a n s  
f r e q u e n c i e s  of B 1 and B z of B 

M o t h e r s  O f f s p r i n g  wi th  m a l e  D i f f e r e n c e  
g a m e t e  t y p e s  

Gamete Frequencies AIB 1 AIB 2 A2B 1 A2B 2 (1)- (2) 
t y p e s  (1) (2) (3) (4) - ( 3 ) + ( 4 )  

A1B 1 p l q l  Wl l  w12 w13 w14 E 1 

A I B  2 
P lq2  w21 w22 w23 w24 E 2 

A2B 1 
P2q l  w31 w32 w33 w34 E 3 

A2B 2 p2q2 w41 w42 w43 w44 E 4 

Total p r o d u c t s  of f r e q u e n c i e s  
and c o e f f i c i e n t s  of i n t e r a c t i o n  w l  w2 w3 w4 E 

i . e . ,  at the  m o s t ,  on ly  9 of the  16 c o e f f i c i e n t s  a r e  d i f -  

f e r e n t .  The d i f f e r e n c e s  E l ,  E2 ,  E 3 and E 4 c o r r e s p o n d  

to t he  " c o e f f i c i e n t s  of e p i s t a s i s "  f i r s t  i n t r o d u c e d  by 

F i s h e r  ( 1 9 1 8 ) .  E can  be  d e f i n e d  as  e p i s t a s i s  c o e f f i -  

c i en t  b e t w e e n  the  m a l e  c h r o m o s o m e  s e c t i o n s  A and B 

in the  popu la t ion  of m o t h e r s .  

Known g e n o t y p e s  of both  p a r e n t s  and l a r g e  n u m b e r s  

of  o f f s p r i n g  f o r  e v e r y  m a t i n g  type  a l low the  e s t i m a t i o n  

of w . When the  m a r k e r  g e n o t y p e s  of one  p a r e n t  a r e  1j 
unknown,  t he  a s s e s s m e n t  m u s t  be r e s t r i c t e d  to an e s t i -  

m a t i o n  of E and w . .  

B a s i s  of c o m p a r i s o n  f o r  t he  g e n e t i c  e f f e c t s  

In a c c o r d a n c e  wi th  F o r k m a n n  ( 1974) ,  the  va lue  of the  

l e a s t  a c t i v e  g e n o t y p e  i s  u s e d  a s  b a s i s  f o r  the  e s t i m a -  

t i o n s .  As  shown  in F i g .  3, t he  s c a l e  point  z r e p r e s e n t s  

the  c o n t r i b u t i o n s  of the  g e n e t i c  b a c k g r o u n d  y and of the  

l e a s t  e f f i c i e n t  c h r o m o s o m e  s e c t i o n  of the  s e c t i o n s  ob -  

s e r v e d .  An e s t i m a t e d  va lue  f o r  z i s  s u p p l i e d b y m o t h e r s  

wi th  t he  geno type  A 1A1 and t h e i r  o f f s p r i n g s  when they  

have  r e c e i v e d  the  s e c t i o n  A 1 f r o m  t h e i r  f a t h e r .  

If t he  m o t h e r s  ' m a r k e r  g e n o t y p e s  a r e  unknown,  the  

d i f f e r e n c e  b e t w e e n  the  double  m e a n  pheno type  of all  o f f -  

s p r i n g  wi th  s e c t i o n  A 1 ( C o l u m n  (2) in Table  1) and the  

p h e n o t y p e  m e a n  of the  m o t h e r s  ( C o l u m n  (1) in Table 1) 

can  be  f o r m e d .  With t h i s  d i f f e r e n c e ,  an a p p r o x i m a t e  

b a s i c  va lue  z '  c an  be  ob t a ined :  

z '  = y + 2a 1 + 2 p j d l j  - p iPjdi j  (5) 

/ 1  i<j 
j= l  

Model  fo r  the  d e t e r m i n a t i o n  of the  e s t i m a t e d  v a l u e s  

To a s s e s s  the  e f f e c t s  of a l l e l e  s u b s t i t u t i o n s  f o r  s e v e r a l  

g e n e s  the  fo l lowing mode l  can  be  u s e d :  

L(v)  = ~ .  F ( v , i )  " S ( i )  + F ( v , i )  " F ( v , j )  �9 E ( i , j )  

i = 1 j>i 

+ u~ + 6(v) (6) 

v 

i 

L(v) 

F ( v , i )  

: (1 . . . . .  N) ; N u m b e r  of the  o f f s p r i n g  

: (1 . . . .  ,M)  ; N u m b e r  of the  m a r k e r  locus  

: P h e n o t y p e  of the o f f s p r i n g  v .  As  f a r  a s  p o s -  

s i b l e  t h i s  va lue  will  be  c o r r e c t e d  f o r  the  in -  

f l u e n c e s  of e n v i r o n m e n t .  

: F u n c t i o n  f o r  the  m a r k e r  a l l e l e  t r a n s m i s s i o n  

f r o m  p a r e n t  to the  o f f s p r i n g .  The d e c i s i o n  on 

w h e t h e r  one of the  two a l l e l e s  of a d ip lo id  

geno type  i s  t r a n s m i t t e d  can be  m a d e  only  f o r  

a h e t e r o z y g o u s  p a r e n t .  B e s i d e s ,  t h i s  d e c i -  

s ion  d e p e n d s  on the  g e n o t y p e s  of the  o f f s p r i n g  

and of i t s  o p p o s i t e  p a r e n t .  F o r  e x a m p l e ,  in 

the  c a s e  of i n t e r m e d i a t e  i n h e r i t a n c e ,  a l l e l e  

t r a n s m i s s i o n  can  not be  a s c e r t a i n e d  when one  

p a r e n t  i s  h e t e r o z y g o u s  and when the  o f f s p r i n g  

and the  o t h e r  p a r e n t  have  the  s a m e  geno type  

as  the  f i r s t  p a r e n t .  

F i v , i )  can  show d i f f e r e n t  v a l u e s  : 

F ( v , i )  = 1 : A l l e l e  A l ( i )  was  t r a n s m i t t e d  

f r o m  p a r e n t  to o f f s p r i n g .  

F ( v , i )  = 0 : No t r a n s m i s s i o n  of a s p e c i f i c  

a l l e l e  can  be  a s c e r t a i n e d  at gene  locus  i .  
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s(i) 

E(i , j)  

8(v) 

1 . .  
If p r o b a b i l i t i e s  f o r  t he  t r a n s m i s s i o n  of A * ( i )  

o r  A 2 ( i )  c a n  b e  d e t e r m i n e d  in  t h i s  g r o u p ,  

a v a l u e  / 0  c a n  b e  u s e d .  Th i s  i s  a l l o w e d  

w h e n  t he  m a r k e r  l o c u s  d o e s  not  show any  i n -  

t e r m e d i a t e  o r  c o d o m i n a n t  i n h e r i t a n c e  o r  

when  c o n d i t i o n s  a r e  known  wh ich  c a u s e  a d e -  

v i a t i o n  f r o m  1 : 1 t r a n s m i s s i o n  of t he  a l l e l e s  

A l ( i )  and  A 2 ( i )  f r o m  a p a r e n t  to t he  of f -  

s p r i n g .  

F ( v , i )  = - 1  : A l l e l e  A 2 ( i )  w as  t r a n s m i t t e d  

f r o m  p a r e n t  to  o f f s p r i n g .  

: The s u b s t i t u t i o n  e f f e c t  of a c h r o m o s o m e  s e c -  

t ion  c o n n e c t e d  to  g e n e  l o c u s  i .  

: C o e f f i c i e n t  of e p i s t a s i s  b e t w e e n  t h e  c h r o m o -  

s o m e  s e c t i o n s  m a r k e d b y  t h e  g e n e  loc i  i and  

j. 
: M e a n  of p h e n o t y p e  v a l u e s  w i th in  p r o g e n y  of 

the  m a t i n g  t y p e s  c o n c e r n e d .  Wi th  unknown  

g e n o t y p e s  of one  p a r e n t  i t  c a n  be  o b t a i n e d  

a s  a r i t h m e t i c a l  m e a n  f r o m  t he  c o l u m n  (2 )  

and  (4 )  in  Table  1: 

K 

~a l l  ~a21 ~ ,  + + Pia i  + d12 (P  1 + P2 ) 
i=1 

K 

+ ~ ,  P i ( d l i  - d2i  ) 
i>2 

: V a r i a b l e  w h i c h  i n d i c a t e s  t h a t  p a r t  of t h e  p h e -  

n o t y p e  v a l u e  of t h e  o f f s p r i n g  V c a n  not  h e  

c o n t r o l l e d .  

E s t i m a t i o n  of S ( i )  

B e c a u s e  of t he  l a r g e  n u m b e r  of i n t e r a c t i o n  v a r i a b l e s ,  

e s t i m a t i o n s  of E ( i ,  j) c a n  b e  c a r r i e d  out  on ly  w h e n  l a r g e  

n u m b e r s  of a n i m a l s  a r e  i n v o l v e d .  T h e r e f o r e ,  a p r e l i -  

m i n a r y  e s t i m a t i o n  s h o u l d  not  c o n s i d e r  g e n e  i n t e r a c -  

t i o n s .  The a p p r o a c h  t h e n  b e c o m e s  

M 

L ( v )  = > , F ( v , i )  �9 S ( i )  + # + 8(v)  

i=1 

The m e t h o d  of  L e a s t  S q u a r e s  c a n  b e  a p p l i e d  to t he  a b o v e  

e x p r e s s i o n ;  i t  t h e n  h a s  to m i n i m i z e  the  fo l lowing  f u n c -  

t ion  : 

QES(1)  . . . . .  S ( M ) ; #  = S ( M  + 1 ) ]  = 

. ,  L(v) -  F(v,i) - S ( i ) -  
v = l  i= l  

(8) 

This  l e a d s  to t h e  e q u a t i o n s  of d e t e r m i n a t i o n  f o r  S ( i )  

and  ~ ( c . f .  A p p e n d i x  A)  a s  fo l l ows :  

M + I  

~-~ A ( j , i )  " S ( i )  = B ( j ) ;  

i=1 

j : (1 . . . . .  M + 1) 

(9) 

A and B are defined as: 

N 

A ( j , i )  = ~ .  F ( v , j )  �9 F ( v , i )  = A ( i , j ) ;  

v = l  

i , j  : (I . . . . .  M) 

N 

A ( j , M  + 1) = A ( M  + 1 , j )  = ~ F ( v , j ) ;  

v = l  

j : (1 . . . . .  M) 

A ( M  + 1 ,M + 1) = N 

S ( M  + 1) = 

N 

B ( j )  = ~ ,  L ( v )  �9 F ( v , j )  

v = l  

N 

B ( M  + 1) = ~ .  a ( v )  

v = l  

The i n v e r s e  m a t r i x  A - l ( j , i )  - in  c a s e  i t  e x i s t s  - i s  

d e t e r m i n e d  n u m e r i c a l l y  and  t he  e s t i m a t e d  v a l u e s  f o r  

S ( i ) r e s u l t  : 

M+I  

S(i) = ~ ,  A - l ( i , j )  �9 B(j) (10) 

j=l 

This equation is valid if the mean S(M + 1) is de- 

termined within progeny of one parent from the animal 

data covered. However if that mean is known, the in- 

dices in matrix A need only run from I to M. From 

this smaller  matrix the inversion - if it exists - can 

also be calculated and again termed A - 1 ( j , i ) .  The es t i -  

mated values S(i) can emerge as: 

M 

S(i) = > ] A - l ( j , i )  �9 EB(j) " A(j,M + I) �9 ~] 411) 

j=1 

This equation takes into account a potential linkage 

between marker genes, and does not count twice a quan- 

titative value associated with linked markers. 
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C a l c u l a t i o n  of v a r i a n c e  f o r  the  L (v )  

The v a r i a n c e  of p h e n o t y p e  v a l u e s  w i t h i n  t he  p r o g e n y  of a 

v~ ,  c a n  be  d e t e r m i n e d  wi th  r e l a t i v e  p a r e n t  p r e c i s i o n  

in l a r g e r  m a t e r i a l ,  N ' : 

J I 

2 = ~ (L (v )  - ~ ) 2  
(12)  ~ N '  1 

v = l  

If only the progeny N, examined for marker genes, 

is available for the calculation of 2. formula (12) is 

used with N instead of N' 

Tes t  f o r  d i f f e r e n t  a s s u m p t i o n s  

The  s i g n i f i c a n c e  in t h e  m o d e l  a r e  t e s t e d  u n d e r  t he  h y p o -  

t h e s i s  t ha t  S ( i )  = 0,  i . e .  t ha t  t h e r e  a r e  no e f f e c t s .  

S(i) = 0 for a fixed i and for a specific parent 

If ~(i) 2 indicates the variance of S(i), the following 

e m e r g e s  : 

N 12 G(i)  2 = ~ ,  A - l ( i , j )  �9 F ( v , j )  (13)  

v = l  j= l  

Th i s  c a l c u l a t i o n  i s  p o s s i b l e  i f ,  in  t he  c a s e  of nul l  

h y p o t h e s i s ,  t h e  e s t i m a t e d  v a l u e s  of S ( i )  a r e  n o r m a l l y  

d i s t r i b u t e d .  Then  a m e a n  of t he  e s t i m a t e d  v a l u e s  S ( i )  

equa l  0 i s  e x p e c t e d  and  a v a l u e  of S ( i )  b e c o m e s  s i g n i -  

f i c a n t  if  

S ( i )  > r  �9 v ( i ) .  (14)  

The v a l u e  of r d e p e n d s  on  t h e  r e q u i r e d  s i g n i f i c a n c e  

l e v e l .  

S ( i )  = 0 f o r  a f ixed  i and  f o r  a l l  p a r e n t s  

P u t t i n g  a p a r e n t  i n d e x ,  w,  in t he  c r i t e r i a  S ( i )  and  

v ( i )  y i e l d s  S ( w , i )  and  c ( w , i ) ,  r e s p e c t i v e l y .  The t e s t  

criteria are then represented by: 

L 
z(i) = ~ S(w, i)z 

w=l  ~ ( w ' i ) 2  
(15) 

2 
Z ( i )  i s  •  w h e r e  L s t a n d s  f o r  t he  n u m b e r  

of p a r e n t s .  It s h o u l d  b e  n o t e d  t ha t  on ly  a o n e - t a i l e d  

s i g n i f i c a n c e  l e v e l  f o r  Z ( i )  i s  n e c e s s a r y .  

S(i) = 0 for all i and for a specific parent 

The different estimated values for S(i) are to be under- 

stood as functions of the measured values from animals, 

because any animal involved is the same when evaluat- 

ing each i under a different aspect. Therefore the S(i) 

are no longer independent variables. However an equiv- 

alent statement can be derived from the following rela- 

tion: 

M M 

i=1 i= l  

(16) 

Thus a new v a r i a b l e  S ' ( i )  i s  o b t a i n e d ,  s u p p o s i n g  

tha t  t he  t r a n s f o r m a t i o n  i s  c a u s e d  by  a r e a l  u n i t a r y  m a -  

t r i x .  

F i r s t ,  t h e  v e c t o r s  a r e  i n t r o d u c e d  as  fo l l ows :  

s \s(h)) 
s'(1) / 

5 I _- �9 

S'  i M ) /  

Then the matrices A -1 and A are formed. These 

matrices have to be symmetrical, thus allowing a trans- 

formation on main diagonals: 

u T A - 1 U  = 

u T u  

e(1) 0 ) 

0 " e ( M )  (1) 
0 

1 0 

U T : t r a n s p o s i t i o n  of u : u T ( i , j )  = U ( j , i )  

e ( i )  : c h a r a c t e r i s t i c  v a l u e s  of A -1 

Then 

S '  =uT-s 

In Appendix B it is proved that, for v / ~, the esti- 

mated values of Sv' and S~ are independent variables �9 

Therefore the variation of S'(i) can be calculated ana- 

logously to formula (15) : 
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v , ( i )  2 = ~ ( u T A - 1 ) ( i , j )  �9 F ( v , j )  . 2~ (17) ~ = A ' - l ( i , j ) "  F ( v , j )  . 2~ (22)  

v : l  j : l  v:l [i:l j : l  

Then It is assumed that 

M M' 

(uTA - 1 ) ( i , j )  : ~ U(<0 , i )A- l (c~ , j )  (18) S ( i )  : ~  A ' - l ( i , j )  �9 B ( j )  

~0:1 j : l  

The test criterion of significance Z is calculated 

as 

(19) 

M 
Z = ~ .  S '  ( i )  2 

i : l  ~ '  ( i ) 2  

2 This  c r i t e r i o n  is  •  with M = n u m b e r  

of gene  l o c i .  B e c a u s e  an uppe r  l i m i t  f o r  Z need  not be  

ob ta ined ,  a o n e - t a i l e d  s i g n i f i c a n c e  l eve l  i s  su f f i c i en t  

to t e s t  the  a s s u m p t i o n  that  Z = 0.  

S(i) = 0 for all i and all parents 

The variables obtained in the previous chapter can be 

extended to the situation of L different parents. The 

test criterion is then 

L M 
z :  s'(w, i)2 (20) 

w=l i= l  ~ ' ( w ' i ) 2  

2 ) - d i s t r i b u t e d  (L -- n u m b e r  of p c -  I ts  v a l u e  is  X(L, M 

r e n t s ,  M = n u m b e r  of gene  l o c i ) .  

Conf idence  i n t e r v a l  fo r  • I S  ( i )  I 

The F ( v , i )  can  be  def ined  in such  a way  that  the  S ( i )  

a r e  al l  p o s i t i v e .  Then 

(21) 
M I 

B ~ ts(i)l 
i= l  

is the influence of a metric phenotype of an offspring 

calculable from the allele transmission in marker loci 

of the parents. For the estimated value B a variance 
2 ~8 can be reckoned. This variance is caused by the 

f luc tua t ion  of i n f l uences  which can  not  be c o n t r o l l e d .  A 

s m a l l  v a l u e  of 2 i s  f a v o u r a b l e  b e c a u s e  it e x p r e s s e s  

an e x a c t  knowledge  of ~. To c a l c u l a t e  r the  fo l lowing  

f o r m u l a  can  be  u sed :  

M ' represents the number of relevant effects of al- 

lele substitutions and A'-1 arises from combined cal- 

culation of those effects. 

Discussion 

Quantitative traits of higher animals are often very 

complex in their biochemical and physiological aspects 

and therefore should generally be caused by numerous 

genes. The continuous variation of these traits is as- 

sumed to be brought about by a large number of additive 

genes whose single contributions are insignificant. The 

development of a character is subject also to strong in- 

fluence f r o m  the  e n v i r o n m e n t .  T h e r e f o r e  i t  i s  of ten  b e -  

l i e v e d  that  the  e f f e c t s  of  g e n e s  p r o d u c i n g  quan t i t a t i ve  

t r a i t s  can  on ly  be r e g i s t e r e d  in t h e i r  t o t a l i t y  a n d  m o s t  

b i o m e t r i c  m e t h o d s  fo r  a n a l y s i n g  con t inuous ly  v a r y i n g  

c h a r a c t e r s  a r e  b a s e d  on th i s  c o n c e p t .  

V a r i o u s  s t ud i e s  have  p r o v e d  that  t h e s e  a s s u m p t i o n s  

o v e r - s i m p l i f y  t he  b i o l o g i c a l  f a c t s .  F o r  e x a m p l e ,  the  

g e n e s  invo lved  in the  f o r m a t i o n  of c h a r a c t e r s  can  have  

a v a r i a b l e  s t r o n g  in f luence  ( S t e w a r t  and E l s t o n  1973) ,  

and n o n - a l l e l i e  i n t e r a c t i o n s ,  v a r y i n g  in kind and ex t en t ,  

a f fec t  the d e v e l o p m e n t  of  pheno types  ( J a n a  and Sey f -  

f e r t  1971) .  The g e n e t i c a l l y  c a u s e d  v a r i a t i o n  of a quan-  

t i t a t i v e  c h a r a c t e r  i s  of ten  ch i e f l y  c o n t r o l l e d  by a few 

g e n e s  only  (Thoday 1961, Law 1967) .  This  i s  why m e -  

thods  h a v e  been  d e v e l o p e d  to dec ide  w h e t h e r  the  c o n -  

tinuous variation can be attributed to the segregation 

of one single locus or of two loci (Stewart 1969). 

Because of the biological complexity occurring m o s t -  

ly  dur ing  the  d e v e l o p m e n t  of  a quan t i t a t i ve  c h a r a c t e r  in 

h i g h e r  a n i m a l s ,  po lygen ic  s y s t e m s  of ten  a p p e a r .  It 

s e e m s  n e c e s s a r y  to f ind w a y s  of r e c o g n i z i n g  the  e f f ec t s  

of c h r o m o s o m e  s e c t i o n s  on a po lygen ic  c h a r a c t e r  and 

the  me thod  d e s c r i b e d  h e r e  a i m s  to m a k e  p o s s i b l e  such  

a n a l y s e s  of po lygen ic  s y s t e m s  in a v a i l a b l e  a n i m a l  po -  

pu l a t i ons  ( G e l d e r m a n n  1972) .  It i s  b a s e d  on the  fo l low-  

ing  f ac t s  : 
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a )  M o n o g e n i c  v a r i a n t s  o n  t h e  m o l e c u l a r  l e v e l  o f  

a n i m a l  b o d y  a r e  c o m m o n  in  p o p u l a t i o n s .  

b )  E v e r y  g e n e  l o c u s  m a r k s  a c h r o m o s o m e  s e c t i o n ,  

a s  f a r  a s  t h e  a l l e l e s  o f  a d j a c e n t  g e n e  l o c i  a r e  l i n k e d  to  

i t .  

e )  M e t r i c  c h a r a c t e r s  a r e  c a u s e d  b y  g e n e s  w i t h i n  

c h r o m o s o m e  s e c t i o n s  w i t h  d i s c e r n i b l e  e f f e c t s  p e r  s e c -  

t i o n .  

W h e n  a m a r k e r  g e n e  a l l e l e  i s  t r a n s m i t t e d  f r o m  p a -  

r e n t  to  o f f s p r i n g ,  t h e  s i m u l t a n e o u s  t r a n s m i s s i o n  o f  a 

c o n s i d e r a b l e  c h r o m o s o m e  s e c t i o n  o f  a s p e c i f i c  h o m o -  

l o g o u s  chromosome is assumed. Where one or more 

genes of a quantitative character are situated on that 

chromosome section~ it is expected that there will be 

an effect on the formation of the quantitative phenotype 

concerned. This effect can be demonstrated, as far as 

measurable, at a marker locus. In a few cases, effects 

are caused by the marker gene itself. Mainly, they are 

effects of linked loci which number per marked chro- 

mosome section and crossover frequencies between 

them and the marker locus are unknown. At these loci, 

specific alleles are transferred to a progeny together 

with a distinct marker allele at a higherprobabilitythan 

random. The substitution effects of chromosome sec- 

tions are then functions of the crossover frequencies 

between marker loci and QTL's, of the quantities of al- 

lele effects and of allele arrangements at QTL's within 

a homologous chromosome. For example, a specific 

effect can originate either from a closely linked QTL 

with an effect of determined amount or from a weakly 

coupled QTL with a greater influence than estimated. In 

each case the calculated effect of a chromosome section 

on a metric trait displays the expected average differ- 

ence by the transfer of the one or the other allele of a 

marker gene from parent to progeny. The statement, 

whether an individual descendant has received from its 

parent a distinct quantitative trait value together with 

a marker allele, is valid at a probability deduceable 

from crossover portions between marker loci and 

QTL' s. 

Studying in a progeny the distribution of the trait 

values which are connected with a specific marker al- 

lele can give information about the amount of coupled 

QTL ' s and their crossover frequencies. However, ac- 

cording to McMillan and Robertsen (1974), the quantity 

of QTL's is often underestimated. 

The participation of individual chromosome sections 

in the development of quantitative characters in samples 

of animals from natural populations may be advanta- 

g e o u s .  T h e n ,  a s u f f i c i e n t  n u m b e r  o f  m a r k e d  c h r o m o s o m e  

s e c t i o n s  a l l o w s  t h e  f o l l o w i n g  a n a l y s e s :  

a )  D e t e r m i n a t i o n  o f  t h e  s p e c i f i c  e f f e c t  o f  a m a r k e d  

c h r o m o s o m e  s e c t i o n  on  q u a n t i t a t i v e  t r a i t s .  

b )  D e f i n i t i o n  o f  t h e  i m p o r t a n c e  o f  e a c h  o f  t h e  two  

h o m o l o g o u s  c h r o m o s o m e  s e c t i o n s  in  a d i p l o i d  o r g a n i s m  

f o r  t h e  d e v e l o p m e n t  o f  m e t r i c  t r a i t s .  

c )  A s s e s s m e n t  o f  t h e  e f f e c t  o f  c o m b i n a t i o n s  o f  h o -  

m o l o g o u s  o r  d i f f e r e n t  c h r o m o s o m e  s e c t i o n s  o n  q u a n t i -  

t a t i v e  t r a i t s .  

d)  E v a l u a t i o n  o f  t h e  n u m b e r  o f  c h r o m o s o m e  s e c t i o n s  

b e a r i n g  a l l e l e s  o f  d i f f e r e n t  e f f i c i e n c y  f o r  q u a n t i t a t i v e  

c h a r a c t e r s  a s  w e l l  a s  t h e i r  d i s t r i b u t i o n  in  t h e  g e n o m e ,  

a n d  f r e q u e n c i e s  in  t h e  p o p u l a t i o n .  

To h e l p  a c h i e v e  t h e s e  a i m s ,  a m o d e l  i s  d e s c r i b e d  

w h i c h  i s  a b l e  to p r o v i d e  r e l a t i o n s  b e t w e e n  s i n g l e  c h r o -  

m o s o m e  s e c t i o n s  a n d  a m e t r i c  c h a r a c t e r .  T h e  a p p l i c a -  

t i o n  o f  t h e  m o d e l  p o s t u l a t e s  i n d i v i d u a l s  w i t h  k n o w n  g e n e  

m a r k e r s  a n d  o n e  o r  s e v e r a l  q u a n t i t a t i v e  t r a i t s .  T h e  

p r o c e d u r e  p e r m i t s  a c o n t i n u o u s l y  v a r y i n g  c h a r a c t e r  to  

b e  t r a c e d  b a c k  to a s e r i e s  o f  e f f e c t s  c o n n e c t e d  w i t h  

m a r k e d  c h r o m o s o m e  s e c t i o n s .  T h e  t e s t  o f  s i g n i f i c a n c e  

f o r  a s m a l l  e f f e c t  o f  a m a r k e d  c h r o m o s o m e  s e c t i o n  o n  

a p o l y g e n i c  c h a r a c t e r  r e q u i r e s  r e l a t i v e l y l a r g e  n u m b e r s  

o f  a n i m a l s  b e c a u s e  o f  t h e  h i g h  r e s i d u a l  v a r i a t i o n  e x -  

p e c t e d .  H o w e v e r  it  i s  p o s s i b l e  t h a t  i m p o r t a n t  e f f e c t s  

a r e  l i n k e d  to f e w  c h r o m o s o m e  s e c t i o n s  ( S t e w a r t  1 9 6 9 ) .  

T h e  c o n s i d e r a t i o n  o f  t h e s e  e f f e c t s  r e d u c e s  t h e  r e s i d u a l  

v a r i a t i o n  a n d  l e a d s  to  m o r e  a d v a n t a g e o u s  t e s t  c o n d i t i o n s  

f o r  m i n o r  e f f e c t s .  

T h e  a n a l y s i s  d e s c r i b e d  g i v e s  a b e t t e r  i n s i g h t  i n to  

a n i m a l  g e n e t i c  s t r u c t u r e  a n d  i n to  t h e  c o n s e q u e n c e s  o f  

i t s  c h a n g e s .  It c a n  s e r v e  to  a s s e s s  h o w  m a n y ,  a n d  

w h i c h ,  e f f e c t s  o n  a m e t r i c  c h a r a c t e r  a r e  t r a n s m i t t e d  

to  a s p e c i f i c  d e s c e n d a n t .  T h i s  c o u l d  l e a d  to  i t s  p r a c -  

t i c a l  u s e  in  a n i m a l  b r e e d i n g .  

T h e  a p p l i c a t i o n  o f  t h i s  m e t h o d  to  e m p i r i c a l  d a t a  wi l l  

b e  d e s c r i b e d  in  t h e  f o l l o w i n g  s e c t i o n s  o f  t h i s  p a p e r .  

A p p e n d i x  A 

A p p l i c a t i o n  o f  t h e  m e t h o d  o f  L e a s t  S q u a r e s .  Th e  r e s u l t  

o f  f o r m u l a  ( 8 )  i s :  

0 : b - - - : - ~ Q  : - 2  L ( v )  - F ( v , i )  ~  - 

v = l  i=1 

�9 F ( v , j )  
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Therefore 

E F ( v , i )  " F ( v , j )  �9 S ( i )  

i = l  

N N 

= E F(v,j)- L(v)- E ~- F ( v , j )  

v = l  v = l  

F u r t h e r  f r o m  

O= b 
b'p~ 

�9 Q = - 2  �9 . L ( v )  - 

v = l  i = l  

F ( v , i )  " S ( i )  - ~ ]  

~ ,  F ( v , i )  " 

i = l  v = l  

S ( i )  = L ( v )  - N �9 

v = l  

i s  o b t a i n e d .  

The e q u a t i o n s  c o r r e s p o n d  to t he  e q u a t i o n  s y s t e m  

( 9 ) .  If v =  1 . . . . .  N a n d  S ( M +  1) = ~  a r e  r e p l a c e d  

by  F ( v , M  + 1) = 1, t h e  two e q u a t i o n s  g i v e n  a b o v e  c a n  

b e  s u m m a r i z e d  a s :  

Z F ( v , i )  " F ( v , j )  �9 S ( i )  = F ( v , j )  L ( v )  g 

i= l  v = l  v = l  

Appendix B 

Proof that v ~ ~ is independent for S'v and S~ 

According to formula (8) 

U ( p , v )  �9 A - I ( 0 , C )  �9 F(c~ ,~)  " ( L ( a )  - ~)  S v ~ E E 

S~ = ~  ~ ~ U ( p ' , ~ ) � 9 1 6 2  ' )  

�9 ( L ( ~ ' )  - ~ )  

The fo l lowing  e q u a t i o n  i s  e q u i v a l e n t  to t h e  i n t e r d e -  

p e n d e n c e  of t h e  v a r i a b l e s  if  v / ~: 

o =T,T:T:T:  Y:, u (p ,v )  . A - l ( ~ , v )  
otp ~o '  C 

�9 F(~,~') �9 U ( p ' , ~ )  �9 A - l ( p  ' , ~ ' )  " F ( ~ , ~ )  

That corresponds to: 

0 = > i U ( p , v )  �9 A - I ( 0 , C )  �9 A ( ~ , ~ ' )  
n 

~,~,p',~' 

�9 A - l ( p  ' , ~ ' )  ~ U ( p ' , ~ )  

= U T �9 A -1  �9 A " A - I T  - U ( v , ~ )  

= U T �9 A -1  " U ( v , ~ )  = F - c 
V V~ 

This expression is 0 for v / ~. Thereby ev,~ 

presents the function 

1 for v= ~ 

~v ,~  = 0 fo r  v # ~ �9 

re- 
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